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The Tohsaki-Horiuchi-Schuck-Ro¨pke (THSR) wave function has been successfully used for the
studies of gas-like nature of α clusters in various nuclei including the so-called Hoyle state of 12C
and four α states of 16O. In standard α cluster models, however, each α cluster wave function
has spin zero because of its spatial symmetry and antisymmetrization effect. Thus the non-central
interactions do not contribute, and this situation is the same in the THSR wave function. In this
work, the spin-orbit contribution, which is found to be quite important at short α-α distances, is
taken into account in the THSR wave function by combing it with antisymmetrized quasi cluster
model (AQCM). The application to 12C is presented. The multi-integration in the original THSR
wave function is carried out by using Monte Carlo technique, which is called Monte Carlo THSR
wave function. For the nucleon-nucleon interaction, the Tohsaki interaction, which contains finite-
range three-body terms and simultaneously reproduces the saturation properties of nuclear systems,
the α-α scattering phase shift, and the size and binding energy of 4He, is adopted.
I. INTRODUCTION
The Tohsaki-Horiuchi-Schuck-Ro¨pke (THSR) wave
function has been widely used for the studies of gas-like
states of α clusters, including the so-called Hoyle state
of 12C and four α states of 16O [1, 2]. In normal α clus-
ter models, each α cluster is described by Gaussian-type
wave function, and the positions of the α clusters are
specified by Gaussian center parameters. In the THSR
framework, all of these Gaussian center parameters are
integrated out with a weight function, which enables us
to describe well extended cluster states. Also, by choos-
ing a small range for the weight function, the lowest con-
figuration of the harmonic oscillator shell model is also
described. Recently, “container picture” has been pro-
posed for the description of nonlocalized clusters [3], and
also, the framework is applied even to the nuclei such as
9Be etc., which do not belong to 4N nuclei [4].
One of the problems of the traditional cluster models
is that the non-central interactions, especially the spin-
orbit interaction, which is quite important in explain-
ing the observed magic numbers, do not contribute; they
work neither inside α clusters nor between α clusters. In
cluster models, each α cluster is often defined as a sim-
ple (0s)4 configuration at some spatially localized point.
In this case the antisymmetrization effect automatically
makes the α cluster a spin singlet system free from the
non-central interactions. To include the spin-orbit con-
tribution starting with the cluster model, we proposed
the antisymmetrized quasi cluster model (AQCM) [5–
14]. This method allows us to smoothly transform α
cluster model wave functions to jj-coupling shell model
ones, and we call the clusters that feel the spin-orbit ef-
fect after this treatment quasi clusters. In AQCM, we
have only two parameters: R (fm) representing the dis-
tance between α clusters and Λ (−) characterizing the
transition of α cluster(s) to quasi cluster(s). It has been
known that the conventional α cluster models cover the
model space of closure of major shells (N = 2, N = 8,
N = 20, etc.) of the jj-coupling shell model. In addition,
we have shown that the subclosure configurations of the
jj-coupling shell model, p3/2 (N = 6), d5/2 (N = 14),
f7/2 (N = 28), and g9/2 (N = 50), where spin-orbit ef-
fect is quite important, can be reasonably described by
our AQCM [11].
For such calculations, which include both cluster and
shell features, we inevitably need a reliable nucleon-
nucleon interaction, not cluster-cluster interaction. It is
quite well known that the central part of the interaction
should have proper density dependence in order to sat-
isfy the saturation property of nuclear systems. If we
just introduce simple two-body interaction, for instance
Volkov interaction [15], which has been widely used in
the cluster studies, we have to properly choose Majorana
exchange parameter for each nucleus, and consistent de-
scription of two different nuclei with the same Hamil-
tonian becomes almost impossible. Adding zero-range
three-body interaction term helps better agreements with
experiments; however the radius and binding energy of
free 4He (α cluster) are not well reproduced [16]. The
Tohsaki interaction, which has finite range three-body
terms, has much advantages [5, 17, 18]. Although this is
a phenomenological interaction, it gives reasonable size
and binding energy of the α cluster, and α-α scattering
phase shift is reproduced, while the saturation properties
of nuclear matter is also reproduced rather sufficiently.
In this paper, we combine the THSR wave function and
the idea of AQCM. It is worthwhile to show the applica-
bility of the combined method by numerical calculations.
The THSR wave function contains the multi-integration
over the Gaussian center parameters of α clusters, and
this procedure can be numerically performed using Monte
Carlo technique called Monte Carlo THSR wave func-
tion [19–23]. In the present study, we calculate 12C (three
2α) as the first step.
II. FRAMEWORK
In this section, we summarize the essence of the THSR
wave function and AQCM, and combination of these two
is newly introduced.
A. Brink model
The THSR wave function is based on the Brink
model [24]. Each single particle wave function of the
Brink model is described by a Gaussian,
φij =
(
2ν
π
) 3
4
exp
[
−ν (ri −Ri)
2
]
χj , (1)
where the Gaussian center parameter Ri shows the ex-
pectation value of the position of the i-th α cluster. The
index j specifies four nucleons in this i-th α cluster, and
χj represents the spin isospin part of the single parti-
cle wave function. The size parameter ν is chosen to be
0.25 fm−2, which reproduces the observed radius of 4He.
The Slater determinant of the Brink model is con-
structed from these single particle wave functions by anti-
symmetrizing them. Here, four single particle wave func-
tions with different spin and isospin sharing a common
Gaussian center parameter correspond to an α cluster.
ΦSD(R1,R2, . . . ,RN ) =A{(φ11φ12φ13φ14)(φ21φ22φ23φ24)
. . . (φN1φN2φN3φN4)}. (2)
This is the case that we have N α clusters and the mass
number A is equal to A = 4N .
B. THSR wave function
The idea of the THSR wave function [1] is that Gaus-
sian center parameters {Ri} are integrated over infinite
space with the weight functions {exp[−R2i /σ
2]}. Thus
the THSR wave function ΦTHSR is expressed using ΦSD
in Eq. (2) as
ΦTHSR =
∫
dR1dR2 · · · dRN ΦSD(R1,R2, . . . ,RN )
× exp[−(R21 +R
2
2 · · ·+R
2
N )/σ
2]. (3)
Here σ is a control parameter, which governs the spatial
extension of the system. When σ is large, the wave func-
tion describes gas-like states of α clusters, and the lowest
configuration of the harmonic oscillator shell model can
be realized at the limit of σ → 0.
C. Monte Carlo THSR
In some cases of the original THSR wave function, the
analytic formula for the matrix elements for the Hamilto-
nian is already obtained. However for heavier nuclei, it is
useful to introduce Monte Carlo technique for the multi-
integration in the original THSR wave function [19–23].
We call this wave function (ΦM−THSR) Monte Carlo
THSR,
ΦM−THSR =
Nmax∑
k
P J
pi
ΦkSD(R1,R2, . . . ,RN ). (4)
Here the multi-integration over the Gaussian center pa-
rameters in Eq. (3) is replaced with a summation of differ-
ent Slater determinants. The Slater determinants super-
posed have different values of Gaussian center parameters
{Ri}
k for N α clusters, where k is a number to specify
the set of the Gaussian center parameters for the k-th
Slater determinant. The value of the Gaussian center
parameters are randomly generated, but the distribution
of the absolute value |Ri| for the i-th α cluster is intro-
duced to be proportional to exp[−R2i /σ
2], and its angular
part is isotropically generated. Thus the information of
the weight function in the original THSR wave function
is absorbed in the distribution of randomly generated
{Ri}
k values. The value of Nmax shows the number of
Slater determinants, which are superposed. The limit of
Nmax →∞ coincides with the original THSR wave func-
tion; however we approximate it with a finite number. In
Eq. (4), P J
pi
shows the projection onto the eigen states
of parity and angular momentum, and this is numerically
performed.
D. AQCM
In the conventional cluster models, there is no spin-
orbit effect for the α clusters. Thus they are changed
into quasi clusters based on AQCM [5–14]. According
to AQCM, when the original position of one of the α
clusters (the value of Gaussian center parameter) is R,
the Gaussian center parameter of the l-th nucleon in this
cluster is transformed by adding the imaginary part as
ζl = R+ iΛe
spin
l ×R, (5)
where espinl is a unit vector for the intrinsic-spin ori-
entation of the l-th nucleon in this α cluster. For the
imaginary part, here we introduce Λ, which is a real di-
mensionless parameter. After this transformation, this α
cluster is called quasi cluster. The imaginary part, which
is added, depends on the spin direction of each nucleon,
thus the α cluster is no longer a spin singlet system. The
spin-orbit contribution can be taken into account by this
transformation, and the contribution is attractive when
Λ is positive. We have previously shown that the low-
est configurations of the jj-coupling shell model can be
achieved by Λ = 1 and R→ 0.
3E. Monte Carlo THSR+AQCM
We propose a new framework by combining Monte
Carlo THSR and AQCM, which is applied to 12C. For
12C, we introduce AQCM for all the three α clusters.
Here the intrinsic-spins of the nucleons in the three α
clusters are introduced to have threefold symmetry. This
is needed to include the lowest configuration of the jj-
coupling shell model (subclosure configuration of p3/2)
within a single Slater determinant. In the first α cluster,
each intrinsic-spin of the four nucleons is spin-up (z di-
rection) for a proton and a neutron and spin-down (−z
direction) for a proton and a neutron. The intrinsic-spin
orientations of the four nucleons in the second and third
α clusters are introduced by rotating the ones of the first
α cluster by 2π/3 and 4π/3 radians, respectively. These
spin orientations of the twelve nucleons are fixed in all the
Slater determinant before the angular momentum projec-
tion. While fixing the intrinsic-spin orientations, at first
we randomly generate the Gaussian center parameters of
three α clusters based on Monte Carlo THSR, and next,
the center of mass of the total is shifted to the origin. Fi-
nally, imaginary parts of the Gaussian center parameters
are introduced based on AQCM as in Eq. (5), and angu-
lar momentum projection and superposition of different
Slater determinants follow. Here the second step of shift-
ing the center of mass to the origin is quite important;
the purpose of AQCM treatment is to describe the single
particle motion of each nucleon around the origin and
take into account the spin-orbit contribution, thus the
center of the nucleus has to coincide with the origin of
the coordinate system before giving the imaginary part.
F. Hamiltonian
The Hamiltonian (Hˆ) consists of kinetic energy (Tˆ )
and potential energy (Vˆ ) terms, and the kinetic energy
term is described as one-body operator,
Tˆ =
∑
i
tˆi − Tcm, (6)
and the center of mass kinetic energy (Tcm), which is
constant, is subtracted. The potential energy has cen-
tral, spin-orbit, and the Coulomb parts. For the central
part, we introduce the Tohsaki interaction [17], which
has finite range three-body terms in addition to the two-
body nucleon-nucleon interaction terms. This interaction
is designed to reproduce both saturation property and
the scattering phase shift of two α clusters. We use the
F1 parameter set [17] in the present analysis, which was
used in the original THSR work for 12C.
For the spin-orbit part (Vˆso), the spin-orbit term of
G3RS [25], which is a realistic interaction originally de-
termined to reproduce the nucleon-nucleon scattering
phase shift, is adopted;
Vˆso =
∑
i<j
Vls(e
−d1(~ri−~rj)
2
−e−d2(~ri−~rj)
2
)P (3O)~L · ~S, (7)
where d1 = 5.0 fm
−2, d2 = 2.778 fm
−2, and P (3O) is
a projection operator onto a triplet odd state. The op-
erator ~L stands for the relative angular momentum and
~S is the total spin, (~S = ~S1 + ~S2). The strength, Vls,
has been determined to reproduce the 4He+n scattering
phase shift [26], and Vls = 1600−2000MeV has been sug-
gested. Here we employ Vls = 1800 MeV, which has been
tested in our previous works for 12C [5], although there
the Majorana parameter for the three-body (central) in-
teraction is slightly modified to reproduce the binding
energy of 16O.
III. RESULTS AND DISCUSSIONS
We start Monte Carlo THSR calculation with the α
non-breaking case, which is nothing but the superposi-
tion of Brink-type α cluster model wave functions. In
the AQCM framework, this situation corresponds to set-
ting Λ in Eq. (5) to zero. In Fig. 1, the 0+ energy con-
vergence of 12C (three α clusters) is shown as a number
of Slater determinants superposed based on the Monte
Carlo THSR framework (k in Eq. (4)). The solid, dotted,
short-dashed, dashed, and dash-dotted lines correspond
to σ = 1, 2, 3, 4, and 5 fm in Eq. (3), respectively. The
dashed line at −82.50 MeV shows the three α threshold
energy. This is Monte Carlo calculation and not varia-
tional one, thus the energy is not always going down; the
energy sometimes goes up with increasing number of the
basis states. Nevertheless, the energy converges at the
limit of Nmas → ∞, but here we can confirm that it is
well converged with 1000 basis states (Nmax = 1000 in
Eq. (4)). In this calculation, the radial part of the Gaus-
sian center parameters {Ri}
k are generated by the ran-
dom numbers {ri}, whose distribution is proportional to
exp[−r2i /σ
2], and the angular part of each Ri is isotrop-
ically generated using random numbers. It is found that
the converged energy of small σ case, σ = 1 fm (solid
line), is above the three α threshold. This is because
the contribution of the spin-orbit interaction, which is
important in inner regions, is missing within the Λ = 0
wave functions. Other σ values give the energies bellow
the threshold, and the dotted line (σ = 2 fm) gives the
lowest energy. With increasing the σ value, the energy
again goes up, and the energy of σ = 5 fm (dash-dotted
line) is close to the threshold.
Using these wave functions, the convergence of the root
mean square (rms) matter radius for the 0+ states of 12C
is shown in Fig. 2. The basis states are the same as those
in Fig. 1, and wave functions are Λ = 0 (Brink α cluster
model), and the types of the lines are also the same;
the solid, dotted, short-dashed, dashed, and dash-dotted
lines correspond to σ = 1, 2, 3, 4 and 5 fm in Eq. (3),
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FIG. 1. The 0+ energy convergence of 12C (three α’s) as
function of the number of Slater determinants superposed (k
in Eq. (4)) calculated with the Monte Carlo THSR framework.
The α clusters are not broken (Λ = 0 in Eq. (5)), and the solid,
dotted, dashed, short-dashed, dashed, and dash-dotted lines
correspond to σ = 1, 2, 3, 4, and 5 fm in Eq. (3), respectively.
The dashed line at −82.50 MeV shows the three α threshold
energy.
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FIG. 2. The convergence of the root mean square (rms) mat-
ter radius for the 0+ state of 12C as a function of the number of
Slater determinants superposed (k in Eq. (4)) calculated with
the Monte Carlo THSR framework. The α clusters are not
broken (Λ in Eq. (5) is zero), and the solid, dotted, dashed,
short-dashed, dashed, and dash-dotted lines correspond to
σ = 1, 2, 3, 4, and 5 fm in Eq. (3), respectively.
respectively. Experimentally the rms matter radius of
12C is obtained as 2.35(2) fm in Ref. [27], consistent to
the value deduced from the electron scattering, and the
rms radius of σ = 1 fm (solid line) is close to this value.
If we compare the energy in Fig. 1 and the rms radius
in Fig. 2, we find that this interaction gives the optimal
state with slightly larger rms radius than experiments.
However the energy curve with respect to the σ value
drastically changes if we incorporate the spin-orbit effect
as we discuss shortly. For the second 0+ state known as
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FIG. 3. The 0+ energy curve of 12C as a function of σ
(fm) defined in Eq. (3). The Λ values defined in Eq. (5) is a
variational parameter in the solid line, whereas Λ is fixed to
zero in the dotted line. For the solid line, the values in the
parentheses show the optimal Λ values for the cases of σ =
1.0, 2.0, and 3.0 fm.
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FIG. 4. The convergence of the spin-orbit energy for the 0+
state of 12C as a function of number of Slater determinants
superposed (k in Eq. (4)). The solid line is for σ = 1.0 fm and
Λ = 0.2, and the dotted line is for σ = 2.0 fm and Λ = 0.1.
the Hoyle state, the large rms radius of ∼4.0 fm has been
extensively discussed, although this state is a resonance
state slightly above the threshold and the experimental
determination is difficult. In the present case, the σ =
5 fm result (dash-dotted line) gives the energy around
the threshold and the rms radius of 4.18 fm.
Then we take finite Λ values, which allows us to take
into account the spin-orbit contribution. The 0+ energy
curve for 12C is shown in Fig. 3 as a function of σ (fm)
defined in Eq. (3). The Λ values defined in Eq. (5) is
a variational parameter in the solid line, whereas Λ is
fixed to zero in the dotted line. For the solid line, the
values in the parentheses show the optimal Λ values for
5the cases of σ = 1.0, 2.0, and 3.0 fm. We can see large
decrease of the energy by more than 20 MeV at the limit
of σ = 0 fm after optimizing the Λ value. Then in the
case of the solid line, a local minimum point appears at
the limit of σ = 0 fm, where the contribution of the
spin-orbit interaction is very large, more than −30 MeV.
The optimal Λ value of 0.3 at the limit of σ = 0 fm
shows that α clusters are broken to some extent and the
wave function approaches to the jj-coupling shell model
one. In general, the contribution of the spin-orbit inter-
action increases and the energy decreases with increasing
Λ (for each fixed σ), but it saturates at some point. On
the other hand, the kinetic energy quadratically increases
with increasing Λ, and the energy minimum state appears
owing to the compensation of these two factors.
As a function of σ, in Fig. 3, the energy minimum
point of the solid line appears around σ = 2.0 fm, where
the optimal Λ value is 0.1. Owing to the additional at-
traction of the spin-orbit interaction, here the solid line
is lower than the dotted line by about 1 MeV. If we
mix two minimum points, the true minimum point of
(σ fm, Λ) = (2.0 fm, 0.1) and the local minimum point
of (σ fm, Λ) = (0.0 fm, 0.3), with the amplitude ratio of
2:1 after normalizing each of these two, the rms matter
radius becomes 2.37 fm, which reproduces the experimen-
tal value.
The convergence of the spin-orbit energy for the 0+
state of 12C is shown in Fig. 4 as a function of number
of Slater determinants superposed (k in Eq. (4)). This
is a demonstration that the spin-orbit effect can be suc-
cessfully taken into account with the procedure proposed
here. The solid line is for σ = 1.0 fm and Λ = 0.2, and
the dotted line is for σ = 2.0 fm and Λ = 0.1. The Λ
values are optimal ones in each σ case, and the latter
gives the lowest energy point in Fig. 4. The solid line
(σ fm, Λ) = (1.0 fm, 0.2) converges to ∼ −6.4 MeV,
whereas the dotted line (σ fm, Λ) = (2.0 fm, 0.1) con-
verges to ∼ −1.5 MeV.
After introducing the finite value of the Λ values, each
nucleon is more independently treated and calculation
costs significantly increases compared with the Brink
model (Λ = 0) calculation. Therefore, in Fig. 3, although
the contribution of the kinetic energy is calculated with
superposing 1000 Slater determinants (Nmax = 1000 in
Eq. (4)), the contribution of the two-body interactions is
estimated with 500 Slater determinants (Nmax = 500).
The most time consuming part is the finite-range three-
body interaction part. This three-body part is substi-
tuted with the values obtained with the Λ = 0 wave func-
tions. The three-body interaction terms do not strongly
depend on the Λ values, and we can approximate it with
the Brink model. The Brink model calculation is rather
simple and we can superpose 1000 basis states for the
estimation of the three-body terms. This approximation
can be justified in Fig. 5, which shows the contribution
of the three-body interaction. The σ value is 2.0 fm, and
the solid line is for Λ = 0.1, which gives the optimal en-
ergy in Fig. 3, and the dotted line is for Λ = 0.0. The
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FIG. 5. The contribution of three-body interaction terms
for the 0+ state of 12C as a function of the number of Slater
determinants superposed (k in Eq. (4)) calculated with the
Monte Carlo THSR framework. The σ (fm) value defined in
Eq. (3) is 2.0 fm, and Λ in Eq. (5) is 0.1 (solid line) and 0
(dotted line).
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FIG. 6. The absolute value of the elastic form factor (|F(q)|)
for the 0+ state of 12C as a function of the momentum transfer
q (fm−1). The dotted line is for (σ fm, Λ) = (2.0 fm, 0.1),
which gives the optimal energy as shown in Fig. 3, and the
solid line is the result after mixing the local minimum point
(at the limit of σ = 0 fm limit, Λ = 0.3) with the amplitude
ratio of 2:1. The experimental values and other theoretical
results are compared in Refs. [28, 29].
real parts of Gaussian center parameters for each Slater
determinant are common for the Λ = 0.0 (dotted line)
and Λ = 0.1 (solid line) cases, and imaginary parts are
just added to the real parts in the Λ = 0.1 case following
Eq. (5). The energies are not converged yet within such a
small number of the basis states, but the values of these
two lines for the three-body interaction terms are very
close not to be distinguished. Indeed, the difference is
less than 100 keV. Then we can estimate the contribution
6of three-body terms in the finite Λ cases by superposing
Brink-type Slater determinants (Λ = 0), where number
of the basis states (Nmax) is not 30 as in this figure but
increased to 1000.
The absolute value of the elastic form factor (|F(q)|)
for the 0+ state of 12C is shown in Fig. 6 as a function of
the momentum transfer q (fm−1). The dotted line is for
(σ fm, Λ) = (2.0 fm, 0.1), which gives the optimal energy
as shown in Fig. 3. The solid line is the result after mix-
ing the local minimum point (at the limit of σ = 0 fm,
Λ = 0.3). The mixing ratio of (σ = 2.0 fm, Λ = 0.1) :
(σ = 0 fm, Λ = 0.3) is given as 2:1 after normalizing each
configuration. The experimental values and other theo-
retical results are compared in Refs. [28, 29]. The dot-
ted line line shows the sign change around q ∼ 1.6 fm−1,
which is too small compared with the experiment, reflect-
ing the fact that the (σ fm, Λ) = (2.0 fm, 0.1) configu-
ration, which is energetically optimal one, has too large
spacial extension compared with the experiment (exper-
imentally this sign change occurs around q ∼ 1.8 fm−1).
We have previously mentioned that the mixing of two
states, the energy optimal one and the local minimum
point with smaller radius, enables us to reproduce the
experimental rms radius, and this mixing turns out to be
also important in reproducing the form factor, which is
the solid line.
IV. SUMMARY
The THSR wave function has been successfully used
for the studies of gas-like nature of α clusters of various
nuclei. In this work, we proposed a method to take into
account the spin-orbit contribution in THSR by combing
it with AQCM. In the standard α cluster models, each α
cluster wave function has spin zero because of the spatial
symmetry of the α clusters and antisymmetrization ef-
fect. Thus the non-central interactions do not contribute,
and this situation is the same in the THSR wave func-
tion. The application of a new framework to 12C was
presented. The multi-integration in the original THSR
wave function was carried out by using Monte Carlo tech-
nique, which is called Monte Carlo THSR wave function.
In 12C, the contribution of the spin-orbit interaction was
successfully taken into account. Especially for the cases
when the spatial extension is small, the contribution is
quite strong, but it decreases with increasing the spatial
extension. As a result, one local minimum at the limit
of zero distance between α clusters and the real mini-
mum state with sizable α-α distances appear. If we mix
these two configurations, we can reproduce the observed
matter rms radius. This can be considered as the quan-
tum mechanical mixing of different structures, or more
concretely, competition of shell and cluster structures.
As a future work, we further apply the combined
framework of Monte Carlo THSR and AQCM, which was
proposed in the present study, to other cases. Also, we
try to derive analytic formula for the matrix elements of
the Hamiltonian for the combined framework.
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